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ABSTRACT 


He  prove  the  existence  of  smooth  nonnegative  solutions  to  the  initial¬ 
boundary  value  problem  associated  with  the  system  of  diffusion  equations  which 
describes  a  certain  population  model: 


(*) 


ut  -  Afc^u  +  djuv)  +  (E^  -  a^u  -  b^vlu 

vt  =  a<c2v  +  <*2uv)  +  (E2  -  a2u  -  b2v)v,  (t,x)  e  [0,*»)  x  [0,1] 


u(0,x)  =*  Uq  ( x ) ,  v(0,x)  =  vQ(x) 


ux(t,0)  *  ux(t,1)  *  vx(t,0)  =  vx(t,1)  *  0  , 


(**) 

<**•) 

where  u  and  v  denote  the  densities  of  two  competing  species.  Using 
Sobolevski's  method,  we  establish  the  local  existence  of  nonnegative  solutions 
under  the  hypothesis  c^  >  0,  d^  >  0,  E^  >  0,  a^  >  0  and  b^  >  0,  i  «  1,2. 
Under  the  additional  hypothesis  c^  “  c2,  we  prove  the  global  existence  of 
solutions  by  energy  estimates. 
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\  SIGNIFICANCE  AND  EXPLANATION 

/ - "N 

— The  system  of  diffusion  aquations  (*)  (sea  Abstract)  proposed  by 
Kawasaki,  Shigesada  and  Teramoto  describes  a  population  model  of  two  competing 
species  with  self*  and  cross-population  pressures.  The  densities  of  the  two 
species  are  denoted  by  u  and  v.  In  this  paper  we  sludy~  the  initial¬ 
boundary  value  problem  associated  with  (*).  The  Neumann  boundary  condition 
(***)  corresponds  to  the  case  where  the  flux  is  zero  at  the  boundary.  Many 
investigators  have  considered  nonlinear  diffusion  systems  arising  from  various 
physical  and  biological  problems.  These  equations,  however,  have  a  special 
structure:  the  highest  order  derivatives  are  not  coupled  or,  at  least,  the 
coefficient  matrix  for  the  highest  order  derivatives  is  positive  definite. 

This  is  not  the  case  for  the  system  (*)  and  hence,  some  of  the  techniques 
which  are  effective  for  those  systems  are  no  longer  applicable  to  our  case. 
Nevertheless,  we  can  still  use  Sobolevski’s  method  (see  Reference  [2] )  to 
establish  the  local  existence  of  solutions.  Under  the  special  assumption 
c1  -  c2  in  (*),  we  can  also  prove  the  global  existence  of  solutions  by  energy 
estimates.  The  unusual  structure  of  (*)  seems  to  make  it  difficult  to  'ettle 
the  question  of  asymptotic  stability  of  solutions. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


SMOOTH  SOLUTIONS  TO  A  QUASI-LINEAR  SYSTEM  OF  DIFFUSION  EQUATIONS 
FOR  A  CERTAIN  POPULATION  MODEL 
Jong  Uhn  Kim 

0.  Introduction 


This  paper  deals  with  the  initial-boundary  value  problem  for  the  system  of  equations) 

u  *  d(c  u  +  d  uv)  +  (E.  -  a  u  -  b,v)u 

(0-1)  J  \  _  J  \  ~ 

vT  -  a<c2v  +  d2>»v>  +  (S2  -  a^u  -  b2v)v,  (T,x)  e  [Q,»)  *10,1]  , 

where  c^,  d^,  E^ ,  a^  and  b^,  i  •  1,2,  are  nonnegative  constants.  This  system  of 

equations  describes  a  model  of  two  competing  species  with  self-  and  cross-population 

pressures.  Here,  u  and  v  denote  the  population  densities  of  the  two  competing 

species.  For  the  derivation  of  Equations  (0-1),  the  reader  is  referred  to  [3).  From  the 

physical  consideration,  u  and  v  should  be  nonnegative  and  (0-1)  is  subject  to  the 

Neumann  boundary  condition: 

(0-2)  ux(r,x)  »  vx(T,x)  -  0  at  X  -  0,1  . 

For  the  case  when  c ^  >  0,  c2  >  0,  d^  >  0  and  d2  *  0,  the  stationary  problem  associated 
with  (0-1)  was  discussed  in  (4).  Also  in  its  Introduction,  it  was  announced  that  Masuda 
and  Mimura  have  proved  the  global  existence  of  nonnegative  solutions  to  (0-1)  in  the  above 

case. 

In  this  paper  we  shall  prove  the  existence  of  smooth  nonnegative  solutions  to  (0-1) 

with  suitably  smooth  initial  data  under  the  assumption  that  c^  >  0,  d^  >  0,  i  “  1,2.  In 

Section  1,  we  establish  the  local  existence  of  solutions  by  the  method  due  to  Sobolevski, 

which  is  well  presented  in  (2).  we  employ  the  function  spaces  ♦  ,  s  >  0  (see  Section  1), 

s 

m 

which  enable  us  to  prove  the  C  -regularity  of  solutions  for  t  >  0.  Some  properties  of 
which  are  necessary  in  the  development  of  our  arguments  are  proved  in  the  Appendix. 

In  Section  2,  we  prove  that  the  local  solutions  can  be  extended  globally  on  (0,»)  under 


Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-0041 .  This  material  is 
based  upon  work  supported  by  the  National  Science  Foundation  under  Grant  No.  MCS-7927062, 
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the  additional  hypothesis  that  <•  c2  >  0,  but  without  any  restriction  on  the  sise  of 
initial  data. 


We  shall  make  some  renarks  on  the  structure  of  (0-1).  First  of  all.  we  see  that  (0-1) 
and  (0-2)  reduce  to 


(0-3) 

(0-4) 

through 


ut  “  A(u  +  uv)  +  (Ej  -  a^u  -  b^vlu 
vt  -  A(yv  +  uv)  +  (E2  -  a2u  -  b2v)v  , 
ux(t,x)  ”  vx<t,x)  “0  at  x  -  0,1  , 


(0-5) 


u(  T.X)  -  —  u(c,  T.x) 
d2  1 


v(  T.X)  «  —  v(C,  T.X) 
d1  1 


C,T  -  t  , 


2 

where  Y“~>  0,  E,  >0,  a, 
1 

consider  (0-3),  (0-4)  instead 
features  possessed  by  (0-3). 

(0-6) 


>  0  and  >0,  i  «  1,2.  Throughout  this  paper  we  will 
of  (0-1),  (0-2).  It  Is  interesting  to  observe  some  unusual 
For  simplicity,  we  shall  consider 
ut  »  A(u  +  uv) 
vfc  -  A{  yv  +  uv) 


and  the  associated  nonlinear  operator  S: 


u 

-A(u  +  uv) 

(0-7) 

1 - > 

V 

-A( yv  +  uv) 

Then,  for  smooth  nonnegative  Functions  u  and  v  satisfying  the  Neumann  boundary 

condition,  ^S(u ),(“)>  is  not  nonnegative  in  general.  In  fact,  it  is  strictly 

V  v  1»L 

negative  if  we  take  u  »  100  +  Y  +  ficostx,  v  «  10  -  coswx,  for  example.  Hence,  we  expect 


to  have  difficulty  in  obtaining  energy  estimates  to  establish  global  existence  of  solutions 
to  (0-6).  Now  the  linear  operator  associated  with  (0-7)  is 


(0-*) 


-( 1  +  f )  Au  -  gAv 
-fAu  -  (Y  +  g)Av 


where  f  and  9  are  assumed  to  b«  givan  nonnegative  functions.  Than  it  la  easy  to  sae 
that  tha  right-hand  aids  of  (0-8)  is  not  a  strongly  alliptic  system  in  general.  This  also 
suggests  that  tha  usual  procedure  to  obtain  energy  as tins  tea  nay  not  be  effective. 

However,  if  Y  “  1#  i.a.  c1  -  c2,  than  wa  can  oaks  use  of  u  -  v  as  an  intermediary 
function  to  obtain  necessary  energy  estimates.  This  la  Illustrated  in  Section  2.  Finally 
we  report  that  the  question  of  asymptotic  stability  of  solutions  remains  open.  In  view  of 
the  above  remarks,  it  seams  hopeless  to  get  a  uniform  bound  of  the  solution  through  energy 
estimates.  In  the  mean  time,  the  structure  of  £  discourages  us  from  attempting  to 
construct  an  invariant  set. 

Acknowledgement .  I  am  very  grateful  to  Professor  M.  Crandall  for  his  Invaluable  advice  and 
encouragement  throughout  this  work.  In  particular,  he  pointed  out  seme  serious  errors  in 
Section  1  end  significantly  simplified  the  original  lengthy  estimate  of  the  Lg-norm  in 


Section  2 


Section  1.  Local  Existence 


As  mentioned  above,  we  shell  use  the  method  In  [2].  Hence,  we  write  Equations  (0-3) 

In  the  form  of  an  abstract  evolution  equation  and  verify  all  the  conditions  prescribed  In 

the  above  reference.  Let  us  define  the  linear  operator  Aa(t,w)  as  follows: 

R  t  R  t 

Rgu  -  (1  ♦  fe  *  )Au  -  ge  8  Av 

R  t  R  t  ' 

Rgv  -  f e  *  Au  -  ( Y  +  ge  8  )  Av 

where  Rg  Is  a  positive  constant  which  will  be  determined  later  on  and  w  “  ( ^  ).  Writing 
•  “R-t  ,  “R.t 

u  -  ue  ,  v  «ve  ,  (0-3)  Is  equivalent  to 


(1-1) 


Ag(t,w) 


* 

f  A: 

• 

’ 

*  ^ 

u 

u 

u 

u 

• 

V 

♦  A 

8 

* 

lv 

• 

V 

-  F 

8 

t, 

* 

V  _ 

where 


f  r 

• 

v  .  . 

2e  u  v  ♦ 

R  t  .  R  t  * 

(E1  -  a^  u  -  b^e  v  )u 

|u 

X  X 

(1-3) 

F 

m 

8 

i  U*J 

V  .  , 

2e  u  v  + 

'  X  X 

R  t  *  R  t  .  . 

(E2  -  a2e  u  -  b2e  v  )v 

From  now  on,  we  shall  suppress  and  use  both  notations  (* )  and  (a,b)  to  denote  the 

same  vector.  For  real  s,  we  define 


«• 

(1-4)  ♦  “  {  I 

8  ft 

n«0 

8  cosnwx  :  a„e  C  and 
n  n 

l  |anl2(1  +  n2w2)8  <  -}  , 
n*0 

m 

m 

and  if  f  *  [  j  cosnwx 

and  g  *  [  b  cosnirx 

lie  In  ♦  ,  we  write 

n-0  n 

n 

n-0 

8 

(1-5) 

m 

<f,g>s  -  aQb0  +  \  l 
n«1 

(1  +  n2v2)8a  b 
n  n 

and 

(1-6) 

m8  -  <  t* 

f>,/2. 

s 

Obviously,  *  C  «  and  1 • 1  <  1*1  if  8 

1  *2  S2  81 

1  >  Sj.  We  also  define 

x.  -  k  *a.  Kg,f)lx  - 

8 

lglg  +  lflg,  for  all 

( g, f )  e  Xs,  and 

-4- 

(’-7)  L2  -  {f  e  l2[0,1]  S  (|^)  f  e  L2[0,11,  k  -  1,...,m)  . 

2  is  defined  in  an  obvious  way.  When  X  and  Y  are  Banach  spaces,  we  denote  by 

li 

B(X,yV  the  set  of  all  bounded  linear  operators  from  X  into  Y.  Let  f(x),g(x)  be  real 


valued  functions  in  ♦  ...  s  >  0,  such  that 
s+i 


Ifl 


s+1 


,lg'a+J  <  M  <  - 


and 


f(x),g(x)  >  max(-  ■J),  for  all  x  e  [0,1]  . 

Denote  A  (0,(g,f))  by  A  .  Then  we  have: 

8  S 

Proposition  1.1.  There  is  a  number  R(s,H)  >  1  depending  on  s,M  such  that  if 
Rs  *  R(s,M),  (XX  -  As>  1  is  a  bounded  linear  operator  on  X8  for  all  X  e  C  with 
ReX  <  0,  and 


(1-8) 


l(Xl  -  A  I  <  ^S|M^ 

(  s'  B(X  ,X  )  *  |X|  +  1 

a  s 


holds  where  C(s,M)  is  a  positive  constant  which  depends  only  on  s,H  and  is  independent 
of  X.R^.  Furthermore,  (XI  -  Afl)  1  is  a  bounded  linear  operator  from  Xa  into  Xn 
with 
(1-9) 


'-8+ 2 


KXI  -  A  )_1|. 


s'  s+2 


<  C(s,M),  for  all  X  e  C,  ReX  <  0  . 


(Proof).  First  we  prove  the  above  assertion  in  the  case  where  s  »  m  is  a  nonnegative 
integer  with  f,g  e  tg,  where  a  -  **  ™  *  °.  Assume  lflg,lglg  <  M  and 

f(x),g(x)  >  max(-  — ,-  for  all  x  6  [0, 1J.  Now  we  will  follow  the  well-known  procedure 

•  «  oo 

Suppose  C  “  I  £  cosnxx  e  ♦  ,  n  -  l  n  cosnXx  e  *  ,  u  “  T  u  cosnxx  e  *  „  and 
•  „=n  n  m  __n  n  m'  n  m+2 


n=*0  "  n»0 

l  v  cosnxx  e  ♦  satisfy  the  equations: 
n-0  n  n2 


n=0 


(1-10) 


(X  -  H^Ju  +  (1  +  fg)du  +  g^Av  ■  5 

_  P^tv  +  f q Au  ♦  (y  +  90>iv  *  1  . 

where  X  is  a  complex  number  with  ReX  <0,  R^  >  1,  and  fg,gg  ®re  constants  such  that 
1  Y 

f0'g0  *  max("  a)1  Then,  it  is  easily  seen  that  for  all  n  >  0, 


-5- 


. . 


(1-11) 


“n 


{X  -  R_  -  (Y  *  Vn2»2>*n  *  V2*2nn 


and 


fnn2*25„  +  {X  -  R  -  (1  +  f_)n2w2)n 

(i-i2)  vn  - - 2 - " - 2 - 2 - 2 _  . 

™  (*  -  Rn>2  -  (X  -  Rn)(1  +  Y  +  f„  +  <J0)n2*2  +  <Y  ♦  g„  +  Y*0>n4*4 

Now  we  will  estinate  |un|  and  |vnl.  Setting  X  -  -p  +  iv,  p  >  o,  v  e  R,  we  can  rewrite 
(1-11),  (1-12): 


(1-11)*  u„ 


(1-12)* 


_ (•»-VlvK„-(^0)n2»2^0n;.\ _ 

( w+Rm^2+<>,+RB,)  <  1+Y+*0+9o)n2*2+(  Y+90+Yfo)n4*4“w2_iv{2(  UtRn)  +  (  1+Y+f0+9o* 1,21,2  ) 

fnn2»2C  +(-W-R  +iy)n  -(1+fft)n2*2n 
u  n  n  _  n  o  ^  n  ^ 

( M+Rm)  2+  ( R+Rm)  ( 1  +Y+f 0+g„ )  n2n2+  ( Y+90+ Yf  0  >  n4*4-  v2-i  v{2  ( p+R^  ♦  ( 1  + r*f  0+gQ )  n2  »2  ) 


Case  1.  (M+Rm>  <  I v|  <  |v|2  <  2{(p+Rm)2+(p+Rn)(1+Y*-*0+90>n2w2+(Ytg0+Yf0>n4w4}. 
In  this  case,  we  use  the  inequality: 

{<p  +  Rj  +  (1  +  Y  +  f0  +  gQ)n2*2}2  >  (U  +  R^)2 

+  (P  +  Rb)(1  +  Y  ♦  f„  +  g„)n2w2  +  (Y  +  90  +  Yf„)n4w4 

to  derive 

(i-u)  iuni  <  irrrns-  <<«„' ♦  >V> 

m 

amd 

d-14)  wni  u«hi +  'V>  • 


where  C  is  a  positive  constant  independent  of  X,f„,g„,5  ,n  ,n  and  R_, 

u  u  n  n  ® 

Case  2.  (p+R  )  <  |v|  <  |  v| 2  and  |v|2  >  2{(  p+R  )2+(  U+R  >  ( 1+Y+fn+gn)n2w2+(  Y+g.+YfJn4*4}. 

™  ra  in  u  u  0  0 

Case  3.  ~  (p  +  R^)  <  |  v  |  <  p  R^. 

case  4.  |v|  <  ^  (U  +  Rj,)* 

For  Cases  2,  3,  4,  it  is  easy  to  obtain  (1-13),  (1-14),  Therefore,  we  conclude  that  ( 1 - 
13),  (1-14)  hold  for  all  X  €  C,  ReX  <  n  and  all  R,,,  >  1  where  C  is  a  positive  constant 


-6- 


2  2 

independent  of  x«*0»90*5n« Vn  *nd  *■'  H*xt  “*  ,h*U  •*tiB*t*  *  n  'UJ  and 

«2n2|v  |,  for  n  *  0.  From  (1-11)*,  (1-12)*,  we  get 
n 


(1-15) 


j[2n2u _ (-«+ly)Stt  -  (ngp)^  *  90\ _ 

"  x2  +  (1+Y+*0+ g„)x  +  <Y+g0+Yf0)  “  y2  -  iy(2x+1+y+fQ+g0) 


and 


2  2  f05n  *  (-x+iy>,V  ■  {1+V\ 

(1-16)  «  n  v  -  — - - - - 2 

x  +  (i+Y+f„+g0)K  +  <Y+gQ+Yf0)  -  y  -  iy(2x+i+Y*f0fg0> 

“  *  Rm  v 

where  x  -  — >0,  y  -  -yj  . 

n  «  n  « 

Caee  1.  x2  ♦  |  (Y  +  g„  +  Yf„)  <  y2  <  2{x2  +  (1  +  Y  +  *0  +  90)x  +  Y  +  g„  +  Yf„}- 

In  thie  caae,  we  use  the  inequality:  (x  +  1  +  Y  ♦  *o  *  90*2  >  *2  +  11  +  Y  +  f0  90)x 

♦  Y  ♦  gg  ♦  YfQ  to  derive  that 

(1-17)  »2n2|unl  <C(|£nl  +  InJ) 

and 

(1-18)  v2n2|vnl  <C(|5nl  +  lnnl>  . 

where  C  is  a  positive  constant  independent  of  X,  fg,  g0»  I'n>  n  and  1^. 

Caae  2.  2{x2  +  (1  +  Y  +  f„  +  g0>x  +  Y  +  g0  ♦  T«0)  <  y2‘ 

Caee  3.  y2  <  x2  +  |  (y  +  g0  +  Yf„>. 

In  Cases  2,  3,  it  ia  easy  to  get  (1-17),  (1-18).  Therefore,  we  conclude  that 

(,T19)  lu.B  ♦  lvlB  <  JJTTT  <»5'b  + 

IB 

and 


d-20)  iuin+2  +  ivib+2  <  c(iciB  +  imn) 

hold  for  all  X  e  C,  all  >  1,  where  C  ia  a  positive  constant  independent  of  X,  f0, 
g0,  C,  n  and  R^.  Next  suppose  u  e  *,,+2'  v  e  *«+2'  ®  e  *m  and  n  e  *■  aati,fY  th® 
following  equations: 


(1-21) 


(X  -  Rjjju  +  (1  +  f)iu  +  gdv  -  5 
(X  -  R^Jv  fiu  ♦  (Y  ♦  g)Av  -  n 


■7- 


where  X  e  C,  ReX  <  0,  >  1,  and  f,g  e  *o  are  real-valued  functions  satisfying 

Ifl^lgl^  <  M  and  f(x),g(x)  >  max(-  J)  for  all  x  e  [0,1].  Let  us  choose  a 

partition  of  unity  as  follows: 

.  N  k 

(i)  ♦  >  0,  ♦  !C*|[0,1]),  l  *  5  I  on  1 0,1]  and  (^-}  $  (x)  -  0  at  x  »  0,1,  for 

i  i  j.1  1  ox  i 

all  k  >  1j 

(ii)  supp  C  [0,1]  n  [x^  -  d^,x^  +  d^l ,  e  [0,1],  for  some  d^  >  0  and 

I  f  ( x1 )  -  f  ( x )  I  <  e,  I  g ( x^ )  -  g(x)  I  <  e  hold  for  all  x  e  [0,1]  n  [xA  -  2di,xi  +  ad^  . 

Note  that  the  choice  of  N,  depends  on  c  and  M.  Next  we  define  a  set  of 

functions  {<(i  ,..., *  }  such  that  for  each  i  “  1,...,N, 

•  N 

(i) *  M  *.  <  1,  e  Cg (-»,»): 

(ii) *  1(1.  5  1  on  [x^  -  d^Xj^  +  d^] ,  ^50  on  <-“,“)  -  [Xj^  -ad^x^  +  adjj . 

e  >  0  will  be  determined  later  on.  By  multiplying  (1-21)  by  ♦  ,  we  see  that 

(1-22)  (X  -  Rm)(u4'1)  +  (1  +  fi)A(uifi)  +  giA(v*i) 

*  C4>i  +  (1  +  fluA^  +  2(1  +  +  2<rvx$ix 

+  (f^  -  flAluf^)  +  ( g^  -  g)A(v^i) 

and 

(1-23)  (X  -  B  )(v*  )  +  f  A(v*.  )  +  (Y  +  g  )  A(v4  )  « 

mill  li 

»  +  fuA^  +  2f“x^ix  +  (T  +  glvA^  +  2  ( Y  +  g>Vx*ix 

+  (fA  -  f)A(u^)  +  ( g^  -  g)A(v^)  , 

where  f^  =  f(x^),  gA  =  glx^),  i  »  1,...,N.  From  the  Appendix,  it  is  easy  to  see  that  the 

right-hand  sides  of  (1-22)  and  (1-23)  lie  in  4  with  the  following  estimates: 

m 

(1-24)  l(ft  -  f)A(u*  Jig  <  elAtu^Mp  ! 

(1-24)*  l(f.  -  £)A(u*.)l,  <  CI4>,  (f  .  ~  f)l  IA(u*.)l,  +  Cl>Mf,  -  f )  I,  IA(u  ♦,  >  1, 

1  11  11  •  11  11  I  14 

II  4 

<  eclA(u«i)l1  +  Cl<ii(f1  -  f)l1IA(u*i)I^IA(u*i)lg 

<  aeclAfu^)!,  +  "  fH^IAIu^JIg  , 

where  C  denotes  positive  constants  independent  of  e,  u,  $  ,  and  f: 

(1-24)**  l(f  -  f)A(u*. )l  <  C  (I*,  (f.  -  f)l  IA(u*.  >1  +  f*.  (f .  -  f)l  IA(u ♦  )  I  ,)  , 

l  l  m  mil  m  l  m  ii  z  l  m- i 
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K<(>  I  <  C  Kl  I*  I  ,  for  all  m  >  0  ; 
1  m  m  m  1  0 


for  m  >  2,  where  Cm  a  positive  constant  which  depends  only  on  mi 
(1-25) 

(1-26)  1(1  +  f)uA$. I  <  C  II  +  f I  lul  16$,  I  ,  for  all  m  >  0  > 

Ti  m  m  a  m  i  o 

(1-27)  1(1  +  f)u  I  <  C  II  +  fl  lul  ,1$  I  .,  for  all  m  >  0  . 

x  ix  mm  0  m+1  i  o+l 

The  estimates  for  the  remaining  terms  on  the  right-hand  sides  of  (1-22),  (1-23)  are  similar 
to  (1-24)  to  (1-27).  Thus,  (1-20)  yields 


(1-28) 


lu$.  I  +  lv$  I  <  C  {elA(u$.  )l  +  elA(v$.)l  + 

1  m+2  i  m+2  m  i  m  1  m 

+  (1  +  Jy>d$i(fi  -  f)i42  +  l$i(gi  -  g)i42  +  l^d^  -  f)i  2 

CL  L  L 

m  in  m 

+  <g.  -  g)  I  ,  )  ( I  A(u$  )  I  ,  +  1 6  ( v  $  )  I  ,)  + 

11  _  z  1  m- 1  1  m- 1 


+  (ICI  +  Ini  )l$,i  +  (1  +  y  +  If!  +  lg>  )(iui  J.i 

in  in  1  0  00  m+ 1 

+  ,v,m+l)<,iVo  +  'Vo+1»  ' 

for  all  m  >  0,  it  being  understood  that  l«l  ^  =  0  if  m  =  0.  Cm  is  a  positive 

constant  which  depends  only  on  m  and  is  independent  of  e,  X,  R^,  u,  v,  ^ ,  £,  n,  f 

and  g.  Hence,  we  could  have  taken  e  so  small  that  ec  <  ^  at  the  outset.  This,  in 

m  z 

turn,  determines  N,  and  <^,...,1^,  depending  only  on  E,  M.  Now  we  suppose 

that  such  c  was  fixed  and  that  the  corresponding  set  of  functions  fj , . . . ,  ^ 

were  chosen  for  given  M.  Then  from  (1-28),  we  find  that 
(1-29) 

where  C(m,M)  denotes  a  positive  constant  depending  only  on  m  and  M.  By  summing  (1-29) 
over  i  ■  1,...,N,  we  deduce  that 
(1-30) 

which,  combined  with  the  inequality 
(1-31) 
gives 


lu$  I  +  lv«.l  <  C(m,M)(ICI  +  Ini  +  lul  _  +  Ivl  .,)  , 
i  m+2  1  m+2  m  m  m+1  m+1 


lul  +  Ivl  <  C(m,M) ( l?l  +  Ini  +  lul  .  +  Ivl  d  , 
m+2  m+2  m  m  m+1  m+1 


2  2 

lul  <  C  lut*1'!'2 
m+ 1  m  m+2  m 


(1-32) 

where  C(m,M) 

(1-33) 


lul  +  Ivl  <  C(m,H)  ( 1(1  +  Ini  +  lul  +  Ivl  )  , 

m+2  m+2  m  m  m  m 

denotes  positive  constants  depending  only  on  m,M.  Now  (1-21)  is  equivalent  to 
(X-Rn))u  +  Au  =  5”  f6u-  g6v 
(X  -  R^Jv  +  yAv  “  n  “  fAu  -  gAv  . 
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Combined  with  (1-32),  (1-19),  applied  to  (1-33),  yields 

(1-34)  lul  +  Ivl  <  —  (ICI  Ini  +  2  If  Aul  +  2  IgAv  I  ) 

■  m  |  X  |  R  m  m  B  *  m 

ra 

«  -  (Ml  +  inl  +  lul  ♦  Ivl  )  , 

1*1  ♦  R  B  m  B  B 


for  all  A  e  C,  ReX  <  0  and  all  Rn  >  1.  Here,  c(b,M)  is  independent  of  X  and  R^, 
and  we  aay  take  C(b,M)  >  With  this  particular  C(b,M),  we  define: 

( 1-35)  R(m,H)  -  2C(b,M)  . 

So  for  all  Rm  >  R(m,M)  and  all  X  e  C,  ReX  <  0,  we  have 


(1-36)  lul  +  Ivl  <  (KI  ♦  Inl  >  4 

m  ra  I  X|  ♦  1  ^  m  m 

which,  together  with  (1-32),  implies 

(1-37)  lul  Ivl  ,  <  C(m,M)  ( 1 5 1  +  Inl  )  , 

ra+z  rn'r  z  ra  m 

where  C(m,M)  is  independent  of  X  and  Rm.  Now  the  proof  of  the  case  s  »  m  is 
completed  by  the  following  lemma: 

Lemma  1.2.  Suppose  f,g  are  real-valued  functions  in  •  ,  If  I  ,  Igl  <  H  and 
— — — —  a  a  a 

f(x),g(x)  >  max(-  j,-  J)  for  all  x  e  [0,1].  Let  X(C,  ReX  <  0  and  Rm  >  R(m,M) . 

Then,  for  each  5,n  e  ♦  ,  there  exist  unique  u,v  e  ♦  such  that  (1-21)  holds, 

ra  ra+2 

(Proof).  We  will  use  the  method  of  continuity.  Consider  the  following  equations  with 
parameter  u: 


(1-38)  | 

Let  us  define  S  -  {we  [0,1]: 


(X  -  R^u  +  (1  ♦  yf)Au  +  ygAv  »  5 
(X  -  Rjb) v  +  yfAu  +  (y  +  ug)Av  »  n  . 

for  each  5>h»  *  ♦  ,  there  exist  unique  u,v  e  •  such 


that  (1-38)  holds). 

It  is  obvious  that  0  e  S.  Suppose  y„  e  S  and  consider  the  mapping  T.  from 

0  5,  n,  y 

Xm+2  into  Xm+2  defined  by 

(1-39)  <u,v>  I - >  (u,v)  , 

where  (u,v)  is  the  unique  solution  of 
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(1-40) 


(A  -  RjgJu  +  (1  +  Ugf )Au  +  PQgAv  “  E  ♦  ( Ug  “  I*)f4u  +  (Ug  -  u)g*v 

(A  -  i^jv  +  u0fdu  +  (r  +  yQg)Av  -  n  +  (n0  -  u)f iu  +  (u0  -  ulgfv  • 

With  the  aid  of  (1-37),  we  can  choose  S  >  0  independent  of  E,  n  such  that  I  Ug  -  ul  <  4 

implies  T„  is  a  contraction  for  all  E»  h.  The  fixed  point  of  T.  is  the  unique 

C«  n,u  E,  n,  v 

solution  of  (1-38).  Hence,  S  is  open.  It  is  easy  to  see  that  S  is  also  closed. 
Therefore,  S  -  10,1). 

We  proceed  to  consider  the  case  where  s  >  0  is  not  an  integer.  Let  k  »  1  be  an 
integer  such  that  k  -  1  <  s  <  k.  Suppose  f,g  are  real-valued  functions  in 
♦fc,  lflk,lglk  <  M,  and  f(x),g(x)  >  max(-  j,-  J)  for  all  x  e  (0,1).  Then,  we  can 
determine  R(k,M)  and  R(k  -  1,M)  by  (1-35).  Let 
(1-41)  R(a,M)  -  nax(R(k,M) ,R(k  -  1,M)) 

and  Rs  be  any  positive  number  such  that  Rg  >  R(s,H).  By  taking  Ry_i  •  Rk  “  Rg,  we 
def 

define  Ag  -  Ak_,  (0,  (g,f ) )  “  A^O.tg.f)).  Then,  we  have  proved  that  for  all  A  e  C, 

ReA  <  0,  and  for  all  Rs  >  R(s,M), 

(1-42)  (AI  -  Aa)_1  e  B(xI{_,,xk_1)  n  B(xk_,,xk+1)  n  B(xk,xk)  n  B(xk,xk+2)  . 

By  interpolation,  we  can  conclude  that 

<i-43)  i  (Ai  -  ab)-1  e  b(xb  x#)  n  b(xs,xo+2) 


and  that 

(1-44)  lul  +  Ivl  <  <KI  +  Ini  )  , 

S  S  |  A|  +  1  S  S 

(1-45)  ,u,s+2  +  ,v,s+2  <c(a*M>(,5,»  +  ,t',b)  • 

where  C(s,M)  denotes  positive  constants  which  depend  only  on  s,M.  Now  the  proof  of 
Proposition  1.1  is  complete. 

Next  we  shall  discuss  some  properties  concerning  Ag(t,(g,f))  and  FB(t,(g,f)). 

Lemma  1.3.  Let  e  Xg+1,  i  -  1,2,3,  s  >  0,  such  that  l9l,8+1<lf1,8t1  *  J  “nd 

g^xj.f^x)  >  \  max(-  j,-  J)  for  all  x  e  (0,1],  i  -  1,2,3.  Let  R,  >  R(s,M)  which  is 

determined  by  (1-35)  if  s  is  an  integer  and  by  (1-41)  if  s  is  not  an  integer.  Using 

RST 

this  R#,  we  define  A8(t,(g1,fi) ).  Let  Tg  be  a  positive  number  such  that  e  <2. 
Then  for  all  tA  e  (0,TB) ,  i  -  1,2,3,  it  holds  that 
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(1-46) 


l{Ag(t1,(g1,f1))  -  Aa<t2,(g2,f2n}Aa<t3><g3,£3)) 


B(X  ,X  ) 


<  C(s,M,Rg)  ( |t,  -  t2l  +  lg,  -  g2lg+1  +  If,  -  f2lg+1)  . 
where  C(s,M,Rs)  is  a  positive  constant  which  depends  only  on  s,M  and  Rg. 

(Proof).  First  of  all,  by  (1-1)  and  Proposition  1.1,  we  observe  that  As(tj, ( g3,f 3 ) )  1  e 

B(Xs,Xs)  n  b(Xs,Xs>-2>  ‘  Set  <u'v)  “  As(t3'<93'f3))'1  Then« 

R  t3  R  t3 

Rsu  -  (1  +  f3e  8  )  Au  -  g  e  8  Av  =  £ 

( 1-47  J  R  t3  R  t 

R  v  -  f  e  Au  -  (Y  +  g,e  ) Av  ■  n 

and 

(1-48)  {A  (t  , (g  ,f ) )  -  A  (t  » (g,,f. ) ) } (u, v)  » 

8  1  11  B  Z  Z  Z 

Using  the  inequalities  in  the  Appendix,  it  is  easy  to  see  that  for  all  t,,t2  e  tO,Ts) , 
(1-49)  l{As(t1,(g,,f1))  -  AB(t2,(g2,f2))>(u,v)lx  < 

<  C(s.M,R8)(|t,  -  t2l  ♦  if,  -  f2ls+,  ♦  lg,  -  92i8+,)(iui3+2  +  lvis+2) 

<  C(s,M,Rg)<|t,  -  t2l  ♦  If,  -  fjl8+,  ♦  lg,  -  92I8+,)MCIs  ♦  «hls) 

from  (1-37)  and  (1-45),  where  C(s,M,Rs)  denotes  positive  constants  depending  only  on  s, 
M  and  Rg. 

Next  let  us  define 

7  +  7  s  if  0  <  s  <  1 

4  4 

S  if  8  >  1 

and  Fa(t,(g,f))  as  in  (1-3)  using  any  Rg. 

Lemma  1.4.  Suppose  (g^.f^)  e  xpl-1  with  Ig^l  f>+, ,  If^  I  ,  <  M,  1  “  1,2.  Let  Tg  be  a 
T  R 

number  such  that  e  8  8  <  2.  Then,  for  all  t3,t2  e  [0,Tgl,  it  holds  that 

(1-SI)  ,Fs(t1'<9r£in  "  F8<t2'<g2'f2,,,X  4 

<  C(s,M,Rs)(|t1  -  t2l  ♦  lg,  -  gzlp+l  +  If,  -  f2l^,)  , 
where  C(s,M,Rg)  is  a  positive  constant  depending  only  on  s,  M  and  Rg. 


r  R  t,  R  t,  R  t,  R  t.  , 

j(f2e  8  -f,e  8  )Au+(g2e  8  -g,e  )  Avj 


R  t„  R  t,  R  t.  R_t, 

, ,  s  2  si...,  s2  si. 

( f  2e  -f,e  )Au+(g2e  -g,e  )  Av 
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and  M.  Combined  with  Lemma  17.1  of  [2],  (1-55)  Implies  that  £)(Ag)  la  continuously 

Imbedded  Into  X  if  y  >  8.  For  the  remaining  assertion,  we  define  the  operator 
fx  -  A,  0  1 

Q“j0  X-aJ"  T*'en'  2  is  a  positive-definite  self-adjoint  operator  in  Xg 

with  D(Q)  -  X>+2.  Then,  for  all  x  e  D(fi),  it  holds  that 

l 1  -56 )  Ixl  <  C(g,s,R  ,M)IA  xl*J  lxl’“M  <  C(  u,s,R  .Mjlexl*1  Ixl’"W 

8  8  a  a  8  XX 

>  as  sa 

where  C(w,s,Rs,M)  denotes  positive  constants  depending  only  on  y,  s,  Rs  and  M.  Again 

using  Lemma  17.1  of  [2],  we  conclude  that  tXQ^i  is  continuously  imbedded  into  P(Ag) 

where  A  >  U.  Hence,  xg+2g  Is  continuously  imbedded  into  p(Ag)  if  4  >  u  and  0  <  p  <  1 . 

How  we  are  ready  to  establish  the  local  existence  of  solutions: 

Proposition  1.6.  Suppose  u0(x),  vq(x)  are  real-valued  functions  in  ♦  +y,  v  >  ^,  s  >0 

such  that  ,u0,s+v',v0lls+v  *  4  «n<*  u0(x),v0(x)  >  j  max(-  j,-  J),  for  all  xe[0,1]. 

I-et  Rg  «  R( s ,M)  and  using  this  Rg,  define  \g  -  Ag(0, (uQ, vQ ) ) .  Then,  p(As>  -  Xs+2 

and  there  exists  t  >  0  such  that  (0-3)  has  a  unique  solution  in 

C^IO.t  )i  0(A*))  n  C((0,tgJ»  P(Ag))  satisfying  the  initial  condition  u(0,x)  -  uQ(x), 

v(0,x)  -  Vg ( x ) ,  where  o,  B  and  n  are  positive  numbers  such  that 

min(j,  >  B  >  a  >  j  and  0  <  n  <  B  -  U.  Here  tg  depends  only  on  '*uo,vo' *x  ' 

s+  v 

a,  B,  n  and  s. 

(Recall  that  R(s,M)  is  defined  by  (1-35)  if  s  is  an  integer  and  by  (1-41)  if  s 
is  not  an  integer.) 

(Proof).  Choose  a,  B  and  n  such  that  min(j,  —)  >  B  >  a  >  ^  and  0  <  n  <  B  -  a. 

Let  K  be  any  positive  number  and  define 

(1-57)  Q  (t  ,K,<1)  m  ye  C^(  (0,t  Ij  X  ) :  y(t)  is  real-vector 

8  8  S  " 

'  valued,  y(0)  »  Ag(Ug,vQ)  and 

.  ly(t)  -  y(t)lx  <  x|t  -  t|  n,  vt,  t  e  (0,tB)  J  . 

s 

We  take  tg  so  small  that 
Rt. 

(1-58)  e  8  8  <  2  , 

(1-59)  Kt^  <  .  .  M  , ,  L(a,s,M)  being  the  positive  constant  in  the  inequality 

8  \  uf  SfPlJ 

max(lglp+1,lhlp+1)  <  L(a,s,M) IAg(g,h) lx  ,  for  all  (g,h)  e  D(A®)  » 
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(1-60)  Kt”  <  -  4cuT»  M)  **x(“  4'"  4)'  c(a<*'M)  the  positive  constant  in  the 

inequality 

maxdgl  ^.Ihl  J  <  C(a,s,M) IAa(g,h) lx  ,  for  all  (g,h)  e  O(A^)  . 

L  L  s 

By  virtue  of  (1-57)  and  (1-60),  we  find  that  for  all  t  e  [0,t#),  for  all  y(t)  e 
Q^tt^.K.n), 

(1-61)  min(p(t,x) ,q(t,x) }  >  j  max{- 

holds  for  all  x  «  (0,1],  where  (p(t,x),q(t,x))  ■  A^°y(t).  We  write  (0-3)  as 
(1-62)  *(t)  +  AB(t,*(t))*(t)  -  F,(t,*(t))  , 

-R.t  -R.t 

where  *(t)  -  (e  ■  u(t,x),e  8  v(t,x))  and  Rs  *  R(s,M)  as  above.  Let  us  define  the 

mapping  L  on  Q(t(,K,n)  as  follows: 

(1-63)  w(t)  I - »  A**w(t)  , 

where  zw<t)  ie  the  unique  solution  of 

~  z( t)  +  A  <t,A~°w(t))*(t)  -  F  <t,A"aw(t)) 

(1-64)  dt  8  8  88 

r(0)  -  (Uq,Vq )  . 

By  virtue  of  (1-58),  (1-59)  and  (1-61),  it  follows  from  Proposition  1.1  and  Lemma  1.3  that 
for  all  w  e  QB<ta,K,n)  and  all  t  e  (0,tsJ,  A^ft, A~°w(t) )  is  well-defined  with 
P(A>(t,A>°w(t) ) )  ■  X,+2  *nd  satisfies: 

(1-65,  1(11  -  A>(t.A;aw(t),)-,lB(x< ^  4  , 

for  all  (  (  C,  ReA  <  0,  where  C(s,M)  is  independent  of  t,  w(t)  and  Aj 
(1-66)  l{As(t1,A;aw,(t1))  -  A8(t2,A;aw1(t2))>AB(t3,A;aw2(t3),-1lB(Xs  Xa) 

<  CIs.MHlt,  -  t2l  +  KL(a,S,M)|t1  -  tjl”)  , 

for  all  tA  «  [0,t8l,  all  w^  e  CU^.X,  n),  i  -  1,2,3,  j  -  1,2.  From  Lemma  1.4,  we  see 
that  for  all  w  e  Q(t  ,K,n)  and  all  t,  e  (0,t  ],  i  “  1,2, 

S  1  * 

(1-67)  lFa(t1,A*°w(t1))  -  VVAja"<t2))lx  « 

<  Cts.HMlt,  -  t2l  +  KL(a,s,M)(t1  -  tjl”)  . 

V  _  ft 

Since  J  >  B,  it  is  obvious  that  (u0,Vg)  e  P(A“)  by  Leans 


1.5.  Now  we  can  follow  the 


procedure  in  [2].  Let  us  denote  by  U^ft,!)  the  fundamental  solution  corresponding  to 

A  <t,A  °w(t>)  for  w  e  Q  (t  ,K,n).  Then  the  solution  s  (t)  of  (1-64)  is  given  by 
8  s  a  a  w 

t 

(1-68)  zw(t)  -  Uw(t.O)(u0,v0)  +  /  Uw(t,T)Fg(  T,Ag  w(T))dT 

and  hence, 

t 

(1-69)  lw(t)  =•  A°U  (t,0)(u.,v.l  +  A 3  /  0  (t,T)F  (T,A_aw(T))dT  . 

3  W  00  8  '  W  S  8 

Using  (1-65),  (1-66)  and  (1-67),  we  can  derive  all  the  necessary  estimates  (see  p.  172  -  p. 

174  of  [2])  to  conclude  that  L  maps  Q  (t  ,K,n)  into  itself  and  has  a  unique  fixed  point 

s  s 

_  —  Qf- 

w  in  Qg(tg,K,n)  by  taking  tg  smaller  if  necessary.  Hence,  Ag  w  is  a  solution  of  ( 1 - 
62)  and  the  same  calculation  that  shows  L  is  continuous  yields  the  uniqueness  of  solution 
in  the  function  class 

(1-70)  Cn([0,t  ] ;D( A°) )  n  c((0,t  ]»p(A  ))  . 

S  s  8  S 

Next  we  shall  show  that  the  solution  gains  regularity  for  t  >  0,  starting  from  the 
case  s  "  0: 

Corollary  1.7.  Suppose  u0(x),  vQ (x)  are  real-valued  functions  in  v  >  j  such  that 

,Uo,v',Vo'v  *  4  and  u0(x''v0(x)  *  0  for  x  e  10,11.  Using  Rq  *  R(0,M),  we  define 

Ag  “  Ag(0, (Ug, Vg ) ) .  Then  there  exists  tg  >  0  such  that  (0-3)  has  a  unique  solution  in 
cr'<[0,tg]jP(Ag))  n  c(  (0,tgJ  >P(Ag ) )  satisfying  the  initial  condition  u(0,x)  «  uQ(x), 
v(0,x)  “  Vg ( x ) ,  where  a  and  n  are  the  numbers  in  the  above  proposition. 

We  take  tg  so  small  that 

(1-71)  lu(t,x) Ig, lv(t,x) l5  <  ^  > 

4  4 

(1-72)  u(t,x) , v(t,x)  >  j  max(-  “^),  for  all  t  e  [0,tg]  and  all  x  e  [0,1)  . 

Now  let  £g(t)  “  (u(t,x),v(t,x) )  be  the  solution  to  (0-3)  in  the  above  corollary.  Suppose 
£g(t)  “  (u(t,x) , v(t,x) )  is  a  solution  to  (0-3)  in  cn( [ 5,tg)  i  P( A^S )  n  c( (  S,tg) »P(  Ag) ), 

0  <  6  <  tg,  satisfying  ?g(S)  ”  Cg(®)-  Here  Ag  ih  the  same  as  in  the  corollary. 
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-R-t  ^  -R* 

Writing  z(t)  *  •  £g(t)  and  z(t)  ■  e  £g(t),  it  la  easily  seen  that  both  z(t)  and 


z(t)  ar«  solutions  of 


(1-73) 


—  y(t)  +  A0(t,y(t) )y(t)  «  Fg(t,y(t)> 


-Ro5 

(  y<4)  -  a  Cq<4)  , 

where  Ag(t,*)  and  FQ(t«*)  are  defined  with  Rg  ”  r(0,m)  as  in  the  above  corollary.  By 
virtue  of  (1-71),  (1-72)  and  the  fact  that  5Q(t)  lies  in 

($«tgj  f  P<Ag) )  n  C(  (5,tQ)  ;P(Ag) ),  we  can  use  the  argument,  in  (2]  to  derive  that 
z(t)  5  z(t)  on  16,6  +  e)  for  some  e  >  0.  By  repetition  of  the  argument,  we  conclude 
that  z(t)  =  z(t)  on  [6,tQl .  Next  we  observe  that  Ag  5g  (t )  is  uniformly  Holder 

continuous  in  Xg  on  each  compact  subset  of  (0,tg].  Fix  any  t*  e  (0,tg).  Then, 

*  *  • 

Cg(~)  C  Xj.  We  take  ~  as  the  initial  time  and  5g (“—)  as  the  initial  data,  noting 
that  C  (~)  C  X 1  ,  v  ■  t  >  4  •  *n  order  to  aPP^y  Proposition  1.6  to  the  case  a  ■>  ^  , 

let  us  define  A^  "  ))  with  )  where  M1  is  a  positive  number  such 


that  sup  Iu(t,x)I2>  sup  lv(t,x)l2  <  — — •  .  From  Proposition  1.6,  there  exists 


a  number  6^  >  0  depending  only  on  (a,  $  and  n  are  fixed)  such  that  (0-3)  has  a 


*  * 

-hr  rt  t 


•  * 

ft  t 


unique  solution  C.j(t)  in  C  ( [tj— ,  —  +  41]iP(A®))  n  c((— ,  —  +  AjJiPIAj))  satisfying 
*  •  ^  2 

”  Cg ( j- ) *  Since  D(A®)  la  continuously  imbedded  into  D(A^),  t1 (t)  B  5g(t)  on 

.  .  .  2 

[j— ,  +  61]  n  [^~,tQ]  by  the  uniqueness  of  solution.  Now  if  we  take  any  other  point  of 

ft  *  1 

L^~,t  ]  as  our  initial  time  and  the  corresponding  tQ(t)  as  our  initial  data,  then  6^, 

the  length  of  the  time  interval  of  existence,  remains  the  same  in  view  of  the  above 

« 

argument.  Therefore,  if  +  6^  <  tg,  we  can  extend  C^(t)  on  the  whole  interval 
*  *  * 

[|-,t0]  such  that  c,(t)  e  c((|-,tg)»X1  )  and  t,(t)  $  Cg(t)  on  (§-,tg). 

*  ~2  *  * 

Consequently,  tg(t)  e  c(('|-,tg]iX1  ).  Next  define  tj  ■  +  •••  +  ~  and  suppose  that 
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X  >  T  •  Take 
2  4 


CQ{t)  e  c((tk,t0] >Xfc  )  has  been  proved.  Then,  CQ ( 1 »  e  Xk+1  ,  v 
t£+1  as  the  initial2time,  ^o^k+l*  aB  the  data,  and  deline 

Ak+1  -  A(0,  ) )  with  Ry+1  -  r(,C  *  1»Mk+1)'  where  M)t+1  is  a  positive  number  such 


2 

that 


2 

lv( T,X ) I 


sup  lu(T,x)l^  ,  sup 

T*Itk+1't01  2  “^k+l'V  '  2 

K  »  I 

1.6  to  the  case  s  “  — - —  ,  we  obtain  a  local  solution 


k  ^  ^+1*  Applying  Proposition 

~ 


Vl(t)  e  cn('Cl'Cl  +  nC((Vl'Cl  +  Vll,5(Vl))'  where  Vi  >  0 


depends  only  on  .  By  the  uniqueness  of  solution  and  the  fact  that  V ( A^+ 1  )  is 

~2~  T* 

continuously  imbedded  into  D(Ag),  C^tt)  =  Sg(t)  on  ^k-fl'hjc+l  +  Vl^  r’^tk+1't0^'  Ab 

above,  we  can  extend  ?k+1(t)  on  the  whole  interval  Ih^+I'ho'  to  arrive  at 

*  * 

Cg(t)  e  C( <tk+1 ,tQ] »*k+1  )•  By  induction,  we  conclude  that  CQ  Ct )  e  C( [t  .tgliX^)  for 

all  k  >  0,  and  consequently,  u(t,x) ,v(t,x)  e  C  ((0,tg]  *  [0,1))  from  (0-3)  and  the  fact 

* 

that  t  was  chosen  arbitrarily. 

Finally  we  shall  prove  that  u(t,x),v(t,x)  are  nonnegative.  We  may  write  (0-3)  as 
(1-74)  ufc  “(1  +  v)Au  +  2vxux  +  {Av  +  (E1  -  a^u  -  b^v) }u  , 

(1-75)  vt  “  +  u>4v  +  2uxvx  +  +  *E2  “  a2u  “  h^v) }v  . 

Since  Av(t,x)  and  Au(t,x)  may  not  be  bounded  near  t  “  0,  we  cannot  apply  the 
classical  maximum  principle  directly  to  (1-74)  or  (1-75)  to  prove  that  u(t,x),v(t,x)  >  0. 
However,  the  maximum  principle  can  be  used  on  the  interval  [ 6, ]  for  any  5  >  0,  since 
u(t,x)  ,v(t,x)  e  C  UO.tg]  x  [0,1]).  Thus,  it  is  enough  to  prove  that  u(t,x) , v(t,x)  >  0 
for  all  x  e  [0,1]  and  all  t  e  [0,5],  where  5  is  some  positive  number.  For  this 
purpose,  let  us  denote  by  (un(t,x),vn(t,x) )  the  solution  to  (0-3)  with  the  initial 

condition  un(0,x)  “  Ug(x)  +  „  '  vn^®'x^  “  Vg(x)  +  ~  ,  n  >  1.  We  choose  Rg  *  R(0,M), 

H 

where  M  is  the  number  such  that  1  +  luQlv,  1  +  lvQlv  *  4  '  uBi-n9  this  Rg,  we  define 
Ag(t,  •) ,  and  write  Ag  “  AQ(0, (u0,Vg) ) ,  An  =  Ag(0,(ug  +  ^  ,Vg  +  "”))•  Now  all  the 
constants  in  the  estimates  to  establish  the  local  existence  of  solutions  (u(t,x) ,v(t,x) ) , 
(un(t,x),vn(t,x) ),  n  >  1,  can  be  taken  uniformly  with  respect  to  n  (recall  the  proof  of 
Proposition  1.6).  Thus,  there  exists  5  >  0  Independent  of  n  >  1  such  that  z(t)  e 
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cn((0,«],P(A®))  n  CUO.&]  iV(Aq))  ia  the  solution  of 

~  z(t)  +  Ag(t,z(t) )z(t)  -  Fg(t,z(t)) 
z(0)  -  (u„,v0) 

and  z  (t)  e  C^t  [0,4]  >D  (A°) )  n  c((0,5]iP(A  ))  ia  the  solution  of 
»»  n  n 


(1-76) 


(1-77) 


—  zn(t)  +  A0(t,zn(t))zn(t)  -  F0(t,zn(t)) 
zn(0)  “  <“0  +  „  '  v0  +  , 


-R„t 


(un(t,x),vn(t,x)),  n  >  1.  Choose  any 


n-  -  •  u  n  '  u  n 

— Rrtt 

where  z(t)  ■  e  (u(t,x) ,v(t,x) )  and  *n(t)  > 

a  such  that  a  >  a  >  ~  .  Then,  V(A°)  is  continuously  imbedded  into  P  (A^)  and 
on  w 

consequently,  z(t),zn(t)  e  Cn(  (0, il  iV  (A* ) )  n  c(  (0, 6]  ip  (Ag) )  •  Subtracting  (1-77)  from  (1- 
76 ) ,  we  write 

( 1— 78 )  (z(t)  -  tn(t))  +  Ag(t,z(t))(z(t)  -  tn(t))  - 

-  {AQ(t,Zn(t))  -  Ag(t,z(t))}zn(t)  +  Fg(t,z(t) )  -  F0(t,zn(t))  . 

Let  U(t,T)  be  the  fundamental  solution  associated  with  Ag(t,z(t))>  Following  the 
argument  in  (2),  we  can  write 

(1-79)  z(t)  -  zn(t)  -  U(t,T)(z(t)  -  z  (T))  + 

11  n 


+  /  U( t , s) {A  (s , z  (s))  -  A  (s,z(s) ) }z  ( s ) ds 


+  /  U ( t , s ) {F- (s,z(b) )  -  Fn(s,z  (s))}ds 


for  all  0  <  x  <  t  <  5,  and  subsequently,  arrive  at  the  inequality;  for  all  0  <  5  <  6, 
(1-80)  sup  lz(t)  -  z  (t)l  -  <  C{—  +  5®”°  sup  lz(t)  -  z  (t)  I  -  )  , 

"  n">  ’  t.i.,1)  «J 


where  C  is  a  positive  constant  independent  of  n  and  4.  Hence,  for  some  0  <  5  <  6, 

Iz  (t)  -  z(t)l  -  ♦  0  uniformly  on  (0,4],  as  n  ♦  m,  from  which  it  follows  that 

"  P(A“) 

un(t,x)  ♦  u(t,x)  and  vn(t,x)  ♦  v(t,x)  uniformly  on  [0,5]  x  (0,1).  Since 
un(t,x),vn(t,x)  e  c"(!0,{]  X  [0,1])  nc([0,6]  X  [0,1])  and  u^JOjX) ,vn(0,x)  for  all 

x  e  (0,1],  it  is  easily  deduced  that  un(t,x),vn(t,x)  >  0  for  all  (t,x)  e  [0,5]  x  [0,1] 
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with  the  aid  of  the  maximum  principle.  Therefore  we  conclude  that  u(t,x),v(t,x)  >  0  for 

all  (t,x)  e  [0,4]  x  [0,1],  we  have  completed  the  proof  of  the  main  theorem: 

Theorem  1.8.  Suppose  Uq(x),Vq(x)  are  nonnegative,  real-valued  functions  in  *v,  v  > 
Then,  there  exists  t0  >  0  such  that  (0-3)  has  a  unique  solution  in 
cn((0,t0);P(A“))  n  [c"((0,tQ]  x  £0, 1 J  ) ] 2  satisfying  u(0,x)  -  u0(x),  v(0,x)  -  v0(x) 
and  ux(t,x)  “  vx(t,x)  “0  at  x  «  0,1,  for  all  t  e  (0,t0).  Furthermore, 

u(t,x),v(t,x)  >  0  for  all  (t,x)  e  [0,tg]  x  [0,1].  ( n,  a  and  Ag  are  the  same  as  in 

Corollary  1.7.) 
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Section  2.  Global  Existence  of  Solution 


In  the  previous  section,  we  obtained  a  unique  solution  (u(t,x),v(t,x) )  to  (0-3) 
satisfying  u(0,x)  »  uQ(x),  v(0,x)  «  v0(x).  Let  (0,T)  be  the  maximal  tine  Interval  to 
which  (u(t,x),v(t,x) )  can  be  extended  so  that  (u(t,x),v(t,x) )  lie  In 
C2oc<  (0,t)>P(A*)  )  n  [C  (  (0,t)  x  [0,1])]2.  Our  purpose  in  this  section  is  to  prove  that 
T  •  •  under  the  hypothesis  y  m  1.  In  view  of  the  local  existence  theorem.  It  is  enough 
to  prove  that  lu(t,x)l2>lv(t,x)l2  are  bounded  near  t  *  T,  assuming  T  <  ».  Assuming 
y  ■  1,  we  write  (0-3)  as 

(2-1)  “  A(u  ♦  u2  +  uO  ♦  (E y  -  a,u  -  b^v)u  , 

(2-2)  vt  “  d(v  ♦  v2  -  vC)  ♦  (E2  -  a2u  “  b2v)v  , 

(2-3)  Ct  -  4C  ♦  G  , 

where  C  “  v  -  u  and  G  “  (E2  -  a2u  -  bjv)v  -  (E,  -  a^u  -  b,v)u.  The  estimates  will  be 
obtained  through  three  steps. 

(Step  1)  Multiplying  (2-1),  (2-2),  (2-3)  by  u,v,-A£,  respectively  and  integrating  over 
(0,1),  we  get,  using  the  fact  that  u(t,x),  v(t,x)  >  0  and  ux(t,0)  »  i^Jt.D  -  vx(t,0)  - 
vx(t.D  «  0, 


(2-4) 

(2-5) 

(2-6) 


.  *  1  -  »  *  I  _  I 

it  2^  u  dx  <  -  J  (1+  u)u2dx  ♦  j  J  (AC)«  dx  ♦  /  E1u2dx  , 

0  0  *  0  0 

1  1  1  1  1 
Z  J  /  v  dx  <  -  /  (1+  v)v2dx  -  —  /  (4C)v2dx  +  /  E2v2dx  , 

0  0  L  0  0 

d  1  1  2  1  2  1 

—  -  /  C  dx  -  -  /  ( Ac;  dx  -  /  (dC)Gdx 

0  0  0 


from  which  it  follows  that 


(2~7 )  J  /  (u2  +  v2  +  c2)dx  <  -  /  (1  +  u)u2dx  -  /  (1  +  vJv^dx  -  |  /  UC)2dx 

0  0  0  1  0 

1  1 

♦  X  /  (u2  +  v2)dx  7  /  (u4  ♦  v4)dx,  for  all  t  e  (0,T)  , 

0  0 
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where  K  is  a  positive  constant  depending  only  on  Integrating  (2-1)  and  (2-2) 

over  [0,1],  we  obtain 

,  1  1 

(2-8)  J  udx  <  E  J  udx,  for  all  t  e  (0,T), 

*  0  0 

and 

d  1  1 

(2-9)  —  /  vdx  <  E  /  vdx,  for  all  t  e  (0,T) 

dt  0  0 


from  which  follows 


(2-10) 


1  1 

/  udx  +  /  vdx  <  Mg,  for  all  t  e  [0,T) 
0  0' 


where  Mg  is  a  positive  constant  depending  only  on  the  initial  data,  E^,  E2  and  T. 
From  (2-10)  and  the  inequality < 

(2-11)  lf2l  m  <  (1  +  7)'fi22  +  e,f  ,22 •  for  a11  e  *  °'  a11  f  e  L2[0,U  , 

L  L  L 

we  find  that 


1 


(2-12)  lu  I  w  <  (l  +  /  udx  +  c  J  uu£dx 


<  (l  +  — )mqIu  I  m  +  €  /  uu£dx,  for  all  e  >  0,  all  t  e  [0,T) 
L*  0 


and  hence , 


(2-13)  -  /  uu’dx  <7(1+  ^Hglul2,  - 


—  lul3  ,  for  all  e  >  0,  all  t  e  [0,T) 
E  L 


In  the  same  way. 


(2-14)  -  /  w*dx  <  7  (l  ♦  7-)m„IvI2  -  7  Ivl3  ,  for  all  c  >  0,  all  t  e  (0,T) 

_  «  G  *■  G  ^  U  •  G  _  • 
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Substituting  (2-13),  (2-14)  into  (2-7)  and  using  (2-10),  we  have 


and 


--I  1  ,  1  2  1 

(2-19)  r  jr  /  v2dx  <  -  /  (Av)  d x  -  /  v(Av)  dx  +  /  (vAc  +  2vx£x>Avdx 

*  0  0  0  0 

1  1  1 
+  K  /  vZ | Av | dx  +  K  /  uv | Av | dx  +  K  /  v£dx,  for  all  t  €  (0,T) 


where  K  denotes  positive  constants  depending  only  on  E^a^jb^,  1  *  1/2.  Applying  the 
Laplacian  A  to  both  aides  of  (2-3),  multiplying  by  A?  and  integrating  over  [0,1],  we 


4  fr  /  (AC)2dx  <  -  \  }  (A<x)2dx  +  ~  I  G2dx,  for  all.  t  e  (0,T> 
0  0  0 


Now  we  will  estimate  each  term  on  the  right-hand  sides  of  (2-18),  (2-19)  and  (2-20): 


(2-21)  1/  u(AC)(Au)dx|  <  I Ac ■  .lul  lAui  lAul2  +  2IAcl2„lul2 

0  Xj  l  l  l  l 


<  i  !Aul22  +  2M1{(1  +  i)»A«l22  +  elAcxl22} 


1 . 2 


<  J  IAul22  ♦  J  ,a«x,22  +  C(M1)IAC«22,  for  all  t  e  (0,T)  , 
It  Is  It 


which  follows  from  (2-1 1)  w^  :h  c  «  • 

1  oM^ 


(2-22)  1/  2u  C  Audx|  -  | /  (Ac)u  dx|  <  I AC*  /  u  dx 

oxx  0  x  l"  0  x 


lACl  _  /  (-uuxx)dx  <  I  AC*  Jul  2  lAu  I 
X,  0  L  L4  L* 


<  J-  IAul22  +  j  'ACxI22  +  CfM^IAC^j,  for  all  t  €  <0,T>  . 
L  L  L 


(2-23)  K  /  uv|Au|dx  <  K2  /  u4dx  +  K 2  /  v4dx  +  ~  /  (Au)2dx,  for  all  t  €  (0,T) 
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for  ell  c  >  0 


(2-24)  /  u4dx  <  lul2  /  u2dx  <  H,(l  +  7)lul2,  +  K  (la  I2, 

0  L  0  1  '  L  L 


and  all  t  e  (0,T) 


1  2  1 

Similar  lnaqualltlaa  hold  for  K  /  u  |du|dx  and  /  v4dx.  Combining  thaaa  inequalities, 

0  0 

we  get 


1  ,  1  1  '  2 
(2-25)  K  /  u  |du|dx  +  X  /  uv|du|dx  <  T  J  (du)  dx 

n  a  ^  a 


♦  C(H  ,K)(lu  I2  +  Iv  I2  )  +  «or  t  e  (0,T>  . 

L  L 


The  right-hand  aide  of  (2-19)  can  be  eatimatad  analogously  to  (2-21),  (2-22)  and  (2-2S). 


(2-26)  /  G2dx  <  K  /  (u2  +  v£)dx  +  K  /  (u2  ♦  v2)(u2  +  v£)dx  , 

0  0  0 

<  K  /  (u2  ♦  v^dx  m  (lu  i2.  +  iv  i2) 

0  1  x  I,  *  L 

<  K  /  (u2  +  v^)dx  +  7  (Idul2  +  Idvl2  )  ♦  C(M,,K)(lu  I2 

0  4  L 2  L  1  X  L2 

♦  lv  I2,),  for  all  t  «  (0,T)  , 

L 

where  K  denotea  poaitive  conatanta  depending  only  on  E^.a^b^,  i  -  1,2.  Now  aumming  (2- 
18),  (2-19)  and  (2-20),  we  find  that 

< 2— 27 )  /  (u2  ♦  v2  +  (dC)2}dx  <  C(M,,El,a1,b1)  /  {u2  ♦  v2  +  (4c)2)dx 

+  C(M1,E1,a1,bi),  for  all  t  e  (0,T)  , 
from  which  we  derive,  uaing  Gronwall'a  Inequality, 
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(2-18) 


for  *11  t  e  [4,T) 


/  {u2  ♦  v2  +  (A£)2}dx  <  M,, 

_xx 


where  0  <  4  <  T  and  M2  Is  a  positive  constant  depending  on  4,T  and 
lu0(x)lv  +  lvQ(x)lv.  Here  we  fix  4  and  proceed  to  the  last  step. 

(Step  3)  Apply  the  Laplacian  A  to  both  sides  of  (2-1),  (2-2),  (2-3),  multiply  the 
resulting  equations  by  Au,Av,-A2C«  respectively,  and  integrate  over  [0,1): 


i  d  1  2  1  2  1  2  1 

(2-29)  -  ~  /  (Au)  dx  <  -  /  (Au  )  dx  -  /  u(Au  )  dx  -  /  6u  (AuHAu  )dx 

“  »»  a  n  ^  ^  A  ^  ^ 


-  /  35  (Au) (Au  )dx  -  /  3u  (A()(Au  ) dx 


1  1  1  2  1  1  2 
-  /  u(A(x)(Au  )dx  ♦  —  /  (AH)  dx  +  —  /  (Au)  dx,  for  all  t  «  (0,T) 

0  xx  2  q  2  Q 


wharr  H  ”  (Ej  -  a^u  -  b^Ju, 


1  1  1  1 
(2-30)  -  ~  |  (Av)  dx  <  -  /  <4VX>  dx  -  /  vfAv^)  dx  -  /  6v  (AvHAv^Jdx 

C0  0  0  0  x  A 


1  1 
+  /  3C  (Av)(Av  )dx  +  /  3v  (AC )(Av  )dx 


„  x  X  1  X 

0  0 


1  1  1  7  1  1  2 
+  /  v(ACx) (Av^ldx  +  —  /  (AJ)^dx  +  —  /  (Av)  dx,  for  all  t  €  (0,T) 

0  *  ^  0  *  0 


where  J  «  (E2  -  *2u  -  bjV)v, 


(2-31) 


2<lt^  (4Cx)24x  <  -  J  /  (A2C)2dx  +  y  /  ( AG)  2dx 


As  before,  we  will  estimate  each  term  on  the  right-hand  sides  of  tne  above  inequalities. 

1 

(A)  Estimate  of  /  u  (Au)(Au  )dx. 

0  x  x 
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First  we  obssrvt  that 


1  1  1  2  2  1  2  2 
/  (Au)  dx  -  -  /  uxux)(Jtdx  <  (/  uxdx)  (/  u^dx) 

0  0  0  0 


(Au(t,x))2  -  2  /  uxxuxxxdx,  for  all  x  e  [0,1],  t  e  <0,T> 


where  a  is  a  point  depending  on  t  such  that  uxx(t,a)  «  0,  and  hence, 

,  i  ,  i 

(2-34)  lAul  <  / 2  (/  u2  dx)4  (/  u2  dx)4  ,  for  all  t  e  (0,T) 

l"  0  XX  0  xxx 


Using  (2-32),  (2-33)  and  the  inequality 


i  aSi1  *  <  Xa  + 


(1  -  X)b,  for  all  a,b 


0  <  X  <  1,  we  obtain 


1  i  1  i  1  1  2 

1/  u  ( Au ) ( Au  )dx|  -  i  |/  ( Au)  dx|  <  ^  lAul  /  (Au)  dx 

0  x  X  20  2  L  0 

1  1  1  ill 

<  ~Z  (/  »£*04(J  "Lx4*)^/  uxdx^ 
/2  0  **  0  0 


*  4  77  M2  /  "Sx*1  +  4*  /  "xxx*1  ' 


4c  0 


for  all  e  >  0,  all  t  e  [6,T). 


(B)  Estimate  of  /  u  (A()(Au  )dx 
0  x  x 


He  write,  by  integration  by  parts. 


1  1  2  1 
/  u  (A?)(Au  )dx  “  -  /  (Ac) (Au)  dx  -  /  u  (AC  )/Mdx 
0  x  x  0  0 


X  1  2  2 

Since  IA(I  <  I /  A(  dx|  <  (/  (Ac  )  dx)  ,  a  being  the  point  at  which  Ac 
t"  a  x  0  x 

that 


(2-36)  |/  (AC)(Au)2dx|  <  IAcl  —  /  < -uxuxxx > dx  <  ( /  (ACx>2d xf(J  u2dx)2(/ 


_  __  _  "  V  '/  W  V 

0  LO  O  O  O 


1 


1  1  1  , 

<  M2(/  (Ac  )2dx)2(/  u2  dx)2,  for  all  te  («,T)  . 
0  0 


On  the  other  hand. 


(2-37)  |/  u  (AC  )Audx|  -  \  |J  ( A2C>  <u2)  dx  |  <  \  lu2 1  JJ  <A2C>2dx)2 


2  x 


L  0 


1 


<  (/  u2d x)V  u^dx)2!/1  (A2;>2dx)2 
0  0  0 


1 


1  ,  1  1 

<  M 2(/  u2  dx)2(/  (A2C)2dx)2,  for  all  t  e  [6,T) 

—  n  XX  - 


Fran  (2-36),  (2-37),  we  have 


(2-38) 


1  1  . 

1/  u  (AcMAu  )dx|  <  e  /  u  dx  +  6  /  (1  C)  dx 

0  0  0 


M  l 

♦  /  ^{ACX>^  +  uxx)dx'  for  a11  e  >  0  ' 


all  t  e  [6,T) . 


1  1 

(C)  Estimates  of  /  C  (AuHAu  )dx  and  /  u(  A;  )(Au  )dx 
'  x  x  '  x  x 


It  la  easily  Been  that 


(2-39 ) 


1  1  2  2  2 

•  C  ( t ,  x )  I  w  <  /  |  Ad  dx  <  (/  (AC)  dx)  <  M*  for  all  t  e  (S,  T> 


L  0 


from  which  follows 


1 

1  2 
(2-40)  |/  CxUu)(Aux)dx|  «  ICXI  JAul  2IAuxI  2  <  KjIAul  2U*»X1  2 


t  t  L 

M. 

~  lAu 

L"  L' 


,  M,  . 

dAu  I  .  ♦  ~  lAttl  ,,  for  all  c  >  0  and  all  t  €  [«,T). 
x  .2  4C  .2 


tilth  tha  aid  of  (2-11),  wa  obtain 


(2-41)  |/  u(ACx)(Aux)dx|  <  lul  JACxl  2IAuxl  2  <  «"2  +  »,>  l*Cx'  2,Auxl  2 

0  L  L  L  L  L 


<  elAuxl22  +  ~  (M2  +  2M1>IAcxI22,  for  all  c  >  0 
L  ta 


and  all  t  €  [6,T). 


(D)  Bstlaata  of  /  {(AH)2  ♦  (AJ)2  +  (AS)2}dx. 

0 


It  la  obvious  that 


/  {(AH)2  ♦  (AJ)2  ( AG)2}dx  <  X  /  (u2  «•  v2){(Au)2  +  (Av)2}dx  ♦ 

0  0 

♦  X  l  (u2  ♦  v2)2dx  ♦  K  J  {(Au)2  +  ( Av)2}dx  , 

0  0 


whara  K  danotas  poaitiva  constants  dapanding  on  »bi>  1  “  1#2«  Using  (2-11)  with 

C  ■  1,  wa  hava 

(2-42)  /  (u2  ♦  v2){(Au)2  ♦  (Av)2}dx  <  (lul2^  ♦  Ivl2^)  /  {(Au)2  ♦  (Av)2}dx 

0  L  L  0 


<  (H  ♦  2H  )  /  {( Au)^  ♦  (Av)2>dx  ,  for  all  t  e  l«,T). 

*  0 


8  Inca 
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where  M3  is  a  positive  constant  depending  on  5,  T,  M,,  m2  and  luQ  I  y  +  ,volv" 

Combining  the  above  estimates  and  Theorem  1.8,  we  can  conclude: 

Theorem  2.1 .  Suppose  y  “  1  in  (0-3)  and  u0(x),v0(x)  are  real-valued,  nonnegative 
functions  in  0^,  v  >  j  .  Then,  (0-3)  has  a  unique  global  solution  in 

c3oc<  P(Aq)  )  n  tC  ((0,-)  *  [0,1]  )]2  satisfying  u(0,x)  ■  uQ(x),  v(0,x)  “  v0(x) 

and  ux(t,x)  -  vx(t,x)  -  0  at  x  -  0,1,  for  all  t  >  0.  furthermore,  it  holds  that 
u(t,x),v(t,x)  >  0  for  all  (t,x)  e  (0, •)  *  (0,1). 
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Appendix 


[A-1]  Multiplication  is  a  continuous  bilinear  map  of  ♦1  9  ♦1  into  4^  provided 


c  <  l 

4 


—  -c  —  -  e 
2  2 


2  2 
(Proof).  Since  4Q  »  Lg  and  4^  is  continuously  imbedded  into  for  any 


2  "e 


2  ‘6 


e  <  —  ,  the  assertion  follows  from  the  fact  that  multiplication  is  a  continuous  bilinear 
2  2  2  1 

map  of  L1  •  L1  into  Lg  for  e  <  —  ,  which  is  a  special  case  of  Theorem  9.4  in 


(51. 


2  "e  2  "C 


[A-2]  If  e  >  0  and  m  is  a  nonnegative  integer,  then  multiplication  is  a  continuous 

bilinear  map  of  4.  94  into  4  . 

I  m  m 

j  +e+m 

•  W 

(Proof).  Let  f  “  T  a  cosnwx  e  4,  and  g  ■  7b  coantx  64.  Define 

n  i  ,  _ -  n  m 


n-0  “  —  +  e+m  n“0 

k  k 


f “  1  a^cosntx  and  gfc  »  7  ^cosnvx.  Then,  as  k  ♦  f k  ♦  f  in  41  ,  g^  ♦ 


n“0 


n“0 


2  +e*m 


in  4  ,  and  fvgv  e  4.  for  each  k.  Now  multiplication  is  a  continuous  bilinear 
m  K  K  i»1  1 

2  2  2 

mapping  from  L  •  l£  into  LJ  by  Theorem  9.5  in  [5J.  Thus,  ♦  fg  sb  k  ♦  • 

2  +e+ " 

2  2  2 
in  since  *  and  •  are  continuously  imbedded  into  L1  and  Lj, 

2  +e+m  2  +  ©♦* 

m 

respectively.  The  norm  ■  •  1,^  is  equivalent  to  the  norm  1*1  2  and  hence,  {f^g^  }){_1  is 

L 

a  Cauchy  sequence  in  4  ,  from  which  we  deduce  fg  6  4  . 


-  +e*s 


[A— 3 ]  Multiplication  is  a  continuous  bilinear  mapping  from  4^  •  4g  into  4^ 

provided  a  >  0,  e  >  0. 

(Proof).  The  assertion  follows  from  [A-2]  by  interpolation  [1]. 


[A-4]  Multiplication  is  a  continuous  bilinear  mapping  from  4(  •  4g  into  4g  provided 
s  >  1. 


(Proof).  If  m  >  1  is  an  integer  the  norm  !•!  1*  equivalent  to  the  norm  1*1  2 


and 


2  2 

it  is  easy  to  see  that  multiplication  is  a  continuous  bilinear  mapping  from  L‘  •  L‘ 

2  2 
into  LJ.  Since  4  is  continuously  imbedded  into  l£,  the  assertion  follows  when 


s  "  m,  and  the  general  case  follows  by  interpolation. 


-31- 


« 


into  ♦ 
s 


[A-5]  Multiplication  is  a  continuous  bilinear  mapping  from  ^  ®  4^ 

4  *  4  8  4  +  4  8 

provided  0  <  s  <  1. 

(Proof).  By  interpolation,  the  proof  is  immediate  from  [A-1]  and  [A-4]. 

[A-6]  Define  T  :  (f,g)  h— >  fx9x*  Then,  T  is  a  continuous  bilinear  mapping: 


(i)  «5  •  *5 


->  « 


0  * 


(ii>  Vi 


->  *  ,  for  all  integers  m  >  1. 
m 


(Proof).  (i)  Suppose  f  S  and  g  e  4_.  Since  4.  is  continuously  imbedded  into  L 

—  —  — 

4  4  4 

2 

and  4Q  -  Lg,  the  assertion  follows  from  Theorem  9.4  in  [5]. 

«  OB 

(ii)  Let  f  ”  7  a  cosnxx  e  4  .  and  g  “  f  b  cosnwx  e  4  Define 

„  n  nt+1  „  n  m+1 

,  n”0  ,  n=0 

k  k  • 

fk  “  y  a^cosntx  and  gk  “  y  bncosn*x.  Then,  fkx9kx  e  C\  *  for  each  k,  since 

n-0  n  n-0  n  i-1 

sin  ( nwx)sin  ( Jtxx)  -  ^  (cosln  -  l)*x  -  cos(n  +  l)wx).  In  the  mean  time,  4  , .  and  4  are 
2  m+ 1  m 

2  2 

continuously  imbedded  into  L‘+1  and  LB,  respectively,  and  the  norms  I •  I  ,  I  •  I  are 

equivalent  to  the  norms  1*1  2  ,!•!  2«  respectively.  Therefore,  fkxgkx  - >  fxgx  in 

L  .  -  L 

m+1  ra 

Lb  and  ia  *  Cauchy  sequence  in  4^,  from  which  the  conclusion  follows. 


[A-7] 

T  is  a  continuous  bilinear  mapping: 

(i) 

*5  3  **5  3  ' 

4  4  8  4  4s 

- >  4  provided  0  <  s 

3 

<  1  : 

(ii) 

Vi  *  Vi  >  *s 

provided  s  >  1  > 

(iii) 

V.“’ 

provided  e  >  0  i 

(iv) 

*1 ..  •  •’  — ’  •- 

provided  e  >  0  ; 

♦  1  < 
2 

(V) 

•..1  • «...  — >  •. 

provided  s  >  0  and  s 

(Proof).  (i)  and  (ii)  follow  from  [A-6]  by  interpolation  [1],  and  (iii)  to  (v)  can  be 
proved  by  the  same  argument  as  in  [A-3],  [A-6],  and  by  interpolation. 
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